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Abstract
A graph is called weakly perfect if its vertex chromatic number equals
its clique number. Let R be a ring and I(R)∗ be the set of all left
proper non-trivial ideals of R. The intersection graph of ideals of
R, denoted by G(R), is a graph with the vertex set I(R)∗ and two
distinct vertices I and J are adjacent if and only if I ∩ J 6= 0. In
this paper, it is shown that G(Zn), for every positive integer n, is a
weakly perfect graph. Also, for some values of n, we give an explicit
formula for the vertex chromatic number of G(Zn). Furthermore, it
is proved that the edge chromatic number of G(Zn) is equal to the
maximum degree of G(Zn) unless either G(Zn) is a null graph with
two vertices or a complete graph of odd order.
1. Introduction
The study of algebraic structures, using the properties of graphs, becomes
an exciting research topic in the last twenty years, leading to many fasci-
nating results and questions. There are many papers on assigning a graph
to a ring, for instance see [1] and [4]. Let R be a ring with unity. By I(R)
and I(R)∗, we mean the set of all left ideals of R and the set of all left
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proper non-trivial ideals of R, respectively.
Let G be a graph with the vertex set V (G). For any x ∈ V (G), d(x) rep-
resents the number of edges incident to x, called the degree of the vertex x
in G. The maximum degree of vertices of G is denoted by ∆(G). A graph
G is connected if there is a path between every two distinct vertices. The
complete graph of order n, denoted by Kn, is a graph in which any two
distinct vertices are adjacent. A clique of G is a maximal complete sub-
graph of G and the number of vertices in the largest clique of G, denoted
by ω(G), is called the clique number of G. For a graph G, let χ(G) denote
the vertex chromatic number of G, i.e., the minimal number of colors which
can be assigned to the vertices of G in such a way that every two adjacent
vertices have different colors. Clearly, for every graph G, ω(G) ≤ χ(G). A
graph G is said to be weakly perfect if ω(G) = χ(G). Recall that a k-edge
coloring of a graph G is an assignment of k colors {1, . . . , k} to the edges
of G such that no two adjacent edges have the same color, and the edge
chromatic number χ′(G) of a graph G is the smallest integer k such that G
has a k-edge coloring. To find some graph coloring methods, we refer the
reader to [5].
Let F = {Si|i ∈ I} be an arbitrary family of sets. The intersection graph,
G(F ), is a graph with V (G(F )) = F and two distinct vertices are adjacent
if and only if they have non-empty intersection. The following theorem is
an interesting fact about intersection graphs due to Marczewski ([6]).
Theorem 1. Every simple graph is an intersection graph.
This result shows that intersection graphs are not weakly perfect in general
(for example, the clique number of a cycle with five vertices is 2, but its
vertex chromatic number is 3). The intersection graph of ideals of a ring
R, denoted by G(R), is a graph with the vertex set I(R)∗ and two distinct
vertices I and J are adjacent if and only if I ∩ J 6= 0. This graph was first
defined in [4]. While the authors were mainly interested in the study of
intersection graph of ideals of Zn, where Zn is the ring of integers modulo
n. For instance, they determined the values of n for which the graph of
Zn is complete, Eulerian or Hamiltonian. The present article is a natural
continuation of the study in this direction. The main aim of this paper is
to show that G(Zn) is a weakly perfect graph, for every positive integer n.
Moreover, we determine all integers n when χ′(G(Zn)) = ∆(G(Zn)).
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2. Vertex Chromatic Number and Clique Number of
G(Z
n
)
In this section, we prove that ω(G(Zn)) = χ(G(Zn)), for every positive inte-
ger n. Also, for some values of n, we give an explicit formula for χ(G(Zn)).
Let n be a natural number. Throughout the paper, without loss of gen-
erality, we assume that n = pn11 p
n2
2 . . . p
nm
m , where pi’s are distinct primes
and ni’s are natural numbers and n1 ≤ n2 ≤ · · · ≤ nm.
We begin with the following remarks.
Remark 2. Consider the ring Zn. It follows from Chinese Remainder
Theorem that Zn ∼= Zpn1
1
× · · · × Zpnmm .
Remark 3. I ∈ I(Zn) if and only if I = I1× · · · × Im, where Ii ∈ I(Zpnii ).
By Remarks 2 and 3, one can easily see that |I(Zn)
∗| =
∏m
i=1(ni + 1)− 2.
Let I = I1×· · ·×Im ∈ I(Zn). Each Ii, 1 ≤ i ≤ m, is called a component of
I. Suppose that k, 1 ≤ k ≤ m, is an integer and F is the family of all ideals
of Zn with exactly k non-zero components in which Iij 6= 0, 1 ≤ j ≤ k.
Obviously, one can consider F as the set of ideals with no zero component
of the subring Z
p
ni1
i1
× · · · × Z
p
nik
ik
.
Definition. (i) The number of elements of F is denoted by W(F ).
(ii) Let G be the family of ideals with no zero component of subring
Z
p
nj1
j1
× · · · ×Z
p
njl
jl
. We write G ⊆ F , if {p
nj1
j1
, . . . , p
njl
jl
} ⊆ {p
ni1
i1
, . . . , p
nik
ik
}.
(iii) We write F ∩G = ∅, if {p
nj1
j1
, . . . , p
njl
jl
} ∩ {p
ni1
i1
, . . . , p
nik
ik
} = ∅.
(iv) The family G is said to be complement to F , if F ∩ G = ∅ and
{p
nj1
j1
, . . . , p
njl
jl
} ∪ {p
ni1
i1
, . . . , p
nik
ik
} = {pn11 , . . . , p
nm
m } and we write F
c = G.
Clearly, (F c)c = F .
The following example investigate families of ideals of Zn, when n =
pn11 p
n2
2 p
n3
3 .
Example 4. Let n = pn11 p
n2
2 p
n3
3 . Then there exists one family of ideals
with no zero component. Suppose that F0 is the family of ideals of the form
I1 × I2 × I3, where each Ii is a non-zero ideal of Zpni
i
. Let F1, F2, F3 be
families of ideals of the form 0× I2× I3, I1×0× I3, I1× I2×0, respectively,
where each Ii is a non-zero ideal of Zpni
i
. Also, assume that F4, F5, F6 are
3
families of ideals of the form 0× 0× I3, 0× I2 × 0, I1 × 0× 0, respectively,
where each Ii is a non-zero ideal of Zpni
i
. Then W(F0) = n1n2n3,W(F1) =
n2n3,W(F2) = n1n3 and W(F3) = n2n3. Also, Fi ⊂ F0, for i = 1, . . . , 6.
Moreover, F c1 = F6, F
c
2 = F5 and F
c
4 = F3. If we let F7 = 0 × 0 × 0, then
{F0, . . . , F7} is a partition of ideals of Zpn1
1
× Zpn2
2
× Zpn3
3
.
Theorem 5. Let n = pnii . Then ω(G(Zn)) = χ(G(Zn)) = ni − 1.
Proof. It is clear. 
Theorem 6. The graph G(Zn) is weakly perfect, for every n > 0.
Proof. Let C = {G |W(G) > W(Gc)} ∪ A, where G ∈ A if and only
if W(G) = W(Gc) and |A ∩ {G,Gc}| = 1. We show that C1 =
⋃
G∈C G
is a clique of G(Zn). Assume to the contrary that there exist ideals I
and J in C1 and I ∩ J = 0. Then there exist two families G1 and G2
such that G1 ∩ G2 = ∅. This implies that G1 ⊆ G
c
2 and G2 ⊆ G
c
1.
Consequently, W(G2) ≥ W(G
c
2) ≥ W(G1) ≥ W(G
c
1) ≥ W(G2) and so
W(G2) = W(G
c
2) = W(G1) = W(G
c
1). Hence, G1 = G
c
2 and G1, G2 ∈ C,
a contradiction. Therefore, |C1| ≤ ω(G(Zn)). To complete the proof, we
show that χ(G(Zn)) ≤ |C1|. We color all ideals in C1 with different colors
and color each family H of ideals out of C with colors of ideals of Hc. Now,
we show that this is a proper vertex coloring of G(Zn). Suppose that I, J
are adjacent vertices in G(Zn). Without loss of generality, one can assume
that there are different families Fi and Fj such that I ∈ Fi and J ∈ Fj and
at least one of I, J is not contained in C1. Since Fi 6= Fj , we deduce that
Fi 6= F
c
j , F
c
i 6= Fj , F
c
i 6= F
c
j . Therefore, I and J have different colors. Thus
we obtain a proper vertex coloring for G(Zn), as desired. 
Theorem 7. Let nm ≥
∏nm−1
i=1 ni. Then
ω(G(Zn)) = χ(G(Zn)) = nm
nm−1∏
i=1
(ni + 1)− 1.
Proof. It is enough to see that F ∈ C if for every J ∈ F the ideal J
contains I = 0× · · · × 0× (pnm−1m ). 
From the previous theorem we have the following immediate corollaries.
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Corollary 8. Let n = pn11 p
n2
2 . Then ω(G(Zn)) = χ(G(Zn)) = n2(n1 +
1)− 1.
Proof. By the assumption, n2 ≥ n1. So the result follows from Theorem
7. 
Corollary 9. Let n1 = n2 = · · · = nm = 1. Then ω(G(Zn)) = χ(G(Zn)) =
2m−1 − 1.
Let R be a ring and R ∼= F1 × · · · × Fm, where each Fi is a field. By a
similar argument in the proof of Theorem 7 and Corollary 9, one can show
that ω(G(R)) = χ(G(R)) = 2m−1 − 1.
Theorem 10. Let m > 1 be an odd number such that
∏⌊m
2
⌋−1
i=0 nm−i ≤∏m−⌊m
2
⌋
i=1 ni. Then ω(G(Zn)) = χ(G(Zn)) =
|{I ∈ I(Zn)
∗ | I has atmost⌊
m
2
⌋ zero components}|.
Proof. It is enough to see that F ∈ C if for every J ∈ F the ideal J has
at most ⌊m
2
⌋ zero components. 
Corollary 11. Let m be an odd number and n1 = n2 = · · · = nm = α.
Then
ω(G(Zn)) = χ(G(Zn)) =
⌊m
2
⌋∑
i=0
(
m
i
)
αm−i − 1.
Proof. By Theorem 10, ω(G(Zn)) = χ(G(Zn)) =
|{I ∈ I(Zn)
∗|I has atmost⌊
m
2
⌋ zero components}|.
It is clear that there exist
(
m
i
)
αm−i ideals with i non-zero components.
Note that the ideal Zpα
1
× · · · × Zpαm is not a vertex of G(Zn). 
In the sequel, similar results in case m is an even number are given.
Theorem 12. Let m > 2 be an even number such that
∏m
2
−2
i=0 nm−i ≤∏m
2
+1
i=1 ni. Then ω(G(Zn)) = χ(G(Zn)) =
|{I ∈ I(Zn)
∗ | I has atmost
m
2
− 1 zero components}|+
∑
F∈A
W(F).
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Proof. It is enough to see that F ∈ C if for every J ∈ F either J has
at most m
2
− 1 zero components or J has exactly m
2
zero components and
W(F ) =W(F c). 
We close this section with the following corollary.
Corollary 13. Let m be an even number and n1 = n2 = · · · = nm = α.
Then
ω(G(Zn)) = χ(G(Zn)) =
m
2
−1∑
i=0
(
m
i
)
αm−i +
(
m
m
2
)
α
m
2
2
− 1.
Proof. Since n1 = n2 = · · · = nm = α, it is easily seen that
∏m
2
−2
i=0 nm−i ≤∏m
2
+1
i=1 ni. Moreover, there are
(
m
i
)
αm−i ideals with i non-zero compo-
nents. Note that, if i = m
2
, exactly
(
m
m
2
)
α
m
2
2
of proper ideals are adjacent
together and Zpα
1
× · · · × Zpαm is not a vertex of G(Zn). The result, now,
follows from Theorem 12. 
It follows from [2], for every ring R, if ω(G(R)) <∞, then χ(G(R)) <∞.
Also, we have not found any example of a ring R such that G(R) is not
weakly perfect. These positive results motivate the following conjecture.
Conjecture. For every ring R, G(R) is a weakly perfect graph.
3. Edge Chromatic Number of G(Z
n
)
In this section we study the edge chromatic number of G(Zn) and prove
that, for every positive integer n, χ′(G(Zn)) = ∆(G(Zn)), unless n = pq,
where p, q are distinct primes, or n = pm, where m is an even number. If
n = pq, then G(Zn) is a null graph with two vertices and if n = p
m, where
m is an even number, then G(Zn) is a complete graph of orderm−1. First,
we need the following lemmas:
Lemma 14. [8, p. 16] If G is a simple graph, then either χ′(G) = ∆(G)
or χ′(G) = ∆(G) + 1.
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Lemma 15. [3, Corollary 5.4] Let G be a simple graph. Suppose that for
every vertex u of maximum degree, there exists an edge u −−v such that
∆(G)−d(v)+2 is more than the number of vertices with maximum degree
in G. Then χ′(G) = ∆(G).
Lemma 16. [7, Theorem D] If G has order 2s and maximum degree 2s−1,
then χ′(G) = ∆(G). If G has order 2s+ 1 and maximum degree 2s, then
χ′(G) = ∆(G) + 1 if and only if the size of G is at least 2s2 + 1.
Now, we are ready to state our main result in this section.
Theorem 17. Let n be a positive integer. Then χ′(G(Zn)) = ∆(G(Zn)),
unless n = p1p2, where p1, p2 are distinct primes, or n = p
m, where m is
an even number.
Proof. Suppose that n = pn11 p
n2
2 . . . p
nm
m , where pi’s are all distinct primes
and ni’s are all natural numbers. If m = 1, then G(Zn) is a complete graph
of order n1 − 1. If n1 is an even number, then χ
′(G(Zn)) = ∆(G(Zn)) + 1,
otherwise χ′(G(Zn)) = ∆(G(Zn)). Thus assume that m ≥ 2. We continue
the proof in the following cases:
Case 1. n1 = n2 = · · · = nm = 1. In this case, Zn ∼= F1 × · · · × Fm,
where each Fi is a field. If m = 2, then Zn ∼= F1 × F2 and so G(Zn) is
a null graph with two vertices. Therefore, χ′(G(Zn)) = ∆(G(Zn)) + 1.
Then suppose that m ≥ 3. For each j = 1, . . . ,m, define the ideal Ij =
F1 × · · · × Fj−1 × 0× Fj+1 × · · · × Fm. Then d(Ij) = ∆(G(Zn)) = 2
m − 4,
for each 1 ≤ j ≤ m. Also, I1, . . . , Im are all vertices with maximum degree
in G(Zn). Let u = Ii (1 ≤ i ≤ m) be a vertex of maximum degree, say
I1. Then v = 0 × F2 × 0 × · · · × 0 is an adjacent vertex to u. Thus
∆(G(Zn)) − d(v) + 2 = 2
m − 4 − (2m−1 − 2) + 2 = 2m − 2m−1. Since
m ≥ 3, we conclude that 2m − 2m−1 > m, for each m. By Lemma 15,
χ′(G(Zn)) = ∆(G(Zn)).
Case 2. Every ni is an even number. Then |V (G(Zn))| is an odd number of
the form 2s+1. Note that every vertex of the form I1×· · ·×Im, where Ii is
a non-zero ideal of Zpni
i
is adjacent to all vertices of G(Zn). Since the size of
a complete graph of order 2s+1 is 2s2+s, if we prove that the intersection
graph G(Zn), in this case, losses at least s edges, then by Lemma 16,
χ′(G(Zn)) = ∆(G(Zn)). One can consider the ring Zn of the form R1×R2,
where R1, R2 are two rings with |I(R1)| = α and |I(R2)| = β. Therefore,
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αβ = 2s+3. Clearly, every vertex of the form (I, 0) is not adjacent to every
vertex of the form (0, J). Then G(R1×R2) losses at least αβ− (α+β)+ 1
edges. It is easily checked that αβ − (α + β) + 1 > s = αβ−3
2
, as desired.
Case 3. There exists at least one i such that ni is an odd number and
nj > 1 for some j. Therefore Zp
nj
j
has at least one non-trivial proper ideal
and then Zn has an ideal with no zero complement which is adjacent to
every other vertex. Since |V (G(Zn))| is an even number, by Lemma 16,
χ′(G(Zn)) = ∆(G(Zn)). 
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